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Spectral Element-Fourier Method for Transitional Flows in
Complex Geometries

Cristina H. Amon*
Carnegie Mellon University, Pittsburgh, Pennsylvania 15213

An efficient spectral element-Fourier method is presented for the direct numerical simulation of transitional
internal flows in complex geometries. This method is applied for the spatial discretization of the unsteady,
incompressible, three-dimensional Navier-Stokes equations in the velocity-pressure formulation. The resulting
discrete equations are solved by a semi-implicit method in time, where the nonlinear convective term is treated
explicitly. Direct numerical simulations are performed to investigate the spatial structure and temporal evolution
of two- and three-dimensional transitional flows in grooved channels.

I. Introduction

PECTRAL methods have been used with success in ana-

lyzing complex flow phenomena in simple geometries.
They have become the prevailing numerical method for three-
dimensional direct simulation of transitional and turbulent
shear flows. For instance, in the areas of hydrodynamic stabil-
ity, transition, and turbulence, the accuracy and resolution of
spectral techniques have allowed the understanding and simu-
lation of Poiseuille flow,! Taylor vortex flow,? and shear
layers.> A review of spectral methods in fluid dynamics is
presented by Canuto et al.* However, until recently, only
direct numerical simulations (DNS) of transitional and turbu-
lent flows in simple geometries have been done using spectral
techniques, mainly because a single, global expansion cannot
represent flows in complex geometry or the transformed do-
main may introduce artificial singularities or boundary layers.
Moreover, it is not advisable to use global spectral methods
when the resolution requirements vary widely over the do-
main, since dense matrices are generated that are expensive to
invert. "

To overcome these difficulties, spectral domain decomposi-
tion techniques have been proposed where the computational
domain is partitioned into subdomains or elements. Different
techniques for interface patching have been implemented to
match the solution along the common boundary of the ele-
ments.* One of these techniques is the spectral element
method, introduced by Patera,’ in which the interfacial conti-
nuity constraints are imposed via a variational formulation as
in the p-type finite element method. It is interesting to note
that the tendency in both finite difference and finite element
methods has been to replace second-order by higher order
schemes, whereas the trend in spectral techniques has been the
replacement of a global approximation by local expansions
defined only in a subdomain.

Spectral element methods are high-order, weighted-residual
techniques that combine the generality and geometric flexibil-
ity of the low-order, h-type finite element schemes with the
accuracy and rapid convergence rate of spectral expansions.
They have proven particularly successful in simulating accu-
rately two-dimensional flows® 8 involving delicate phenomena
with fine spatial scales and complex structures. Therefore, we
propose to extend the spectral element method by combining
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it with Fourier expansions in the spanwise direction for direct
numerical simulation of the time-dependent, three-dimensional
Navier-Stokes equations in complex geometries with one
homogeneous flow direction.

In this paper, we present the formulation and implementa-
tion of the spectral element-Fourier method. In Sec. II, the
continuous problem and the governing equations are intro-
duced. In Sec. I, the discrete formulation is presented, and
the temporal and spatial discretizations are discussed. Finally,
in Sec. I'V, the numerical simulations of two- and three-dimen-
sional transitional flows in grooved channels are presented.

II. Mathematical Formulation

We consider incompressible flows with constant properties,
which are governed by the Navier-Stokes and mass conserva-
tion equations. If we denote by D the three-dimensional com-
putational domain, and by dD the computational boundary"
surface, the governing dimensionless equations are written in
the following form (in D):

v -
—=vXw—VII+R vy
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@

where v(x, ) = u® + v§ + wZ is the velocity; x and # represent
space and time, respectively; II is the dynamic pressure
=p + ¥v2, and  is the vorticity = V X v.

The boundary conditions are Dirichlet on solid walls, Neu-
mann on outflow, and periodicity on homogeneous or fully
developed directions. To illustrate the spectral element Fourier
method, we consider the incompressible flow in the periodic
grooved channel shown in Fig. 1. The velocities are nondimen-
sionalized by 3V/2, where V is the cross-channel average
velocity, and the lengths are nondimensionalized by the chan-

v-v=0

nel half-height #. The Reynolds number is defined as R = (3/

2)Vh/v. The flow is assumed to be periodic, fully developed in
the streamwise direction x, and homogeneous in the spanwise

Fig. 1 Grooved-channel geometry,

L/h=5, ¢/h=3, and a/
h =1.68. -
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direction z. Based on the preceding assumptioh, the velocity
boundary conditions are

v(x,t)=0  onaD, 3)

vix+nL,y,z, )=v(, ¥, 2 1) on dD, 4)
where L is the geometric periodicity between grooves and » an
integer periodicity index. For the pressure we require

fi(x, 1) = —f(H)x + (x, 1) )
I(x +nL, y, 2, t)=1I(x, y, 2, 1) 6)

where f(¢) is the driving pressure gradient. Since in complex
geometry flows or transitional flows the pressure gradient is
unknown, it is preferable to impose the volume flow rate Q(¢),
defined as

w aDr 8
o) = j j u(xo, ¥, 2, t) dy dz =§W W)

~W JaDg

where 2W is the periodicity length in the spanwise direction.

HI. Discretization
A. Temporal Discretization

The time-stepping procedure consists of a fractional scheme
for the semidiscrete formulation of the time-dependent term in
the Navier-Stokes equation. Intermediate velocities # and 7,
Egs. (8-10), are computed in a way that the left-hand side
yields dv/dt whereas the right-hand side contains the contribu-
tions of the nonlinear, pressure, and viscous terms. The ad-
vantage of this time-splitting scheme is that it reduces the
coupled system of Egs. (1) and (2) into a system of separately
solvable equations for the pressure and velocity enabling the
application of different algorithms to different terms in the
Navier-Stokes equations to obtain gains in efficiency. The
error, due to the time-splitting scheme, scales as [O(Ar?) +
O(Af/R)] and restricts the time-step size in applications seek-
ing to simulate time-dependent transitional flows. The non-
linear convective term, Eq. (8), is treated explicitly to decrease
the computer time required per step because of the need to
solve a boundary value problem at each time step. The viscous
term, Eq. (10), is treated implicitly to avoid unreasonable
time-step restrictions due to the stiffness of diffusion prob-
lems® and the high resolution of Chebyshev spectral approxi-
mations near the boundary of the elements.!® The dynamic
pressure I1 is calculated in Eq. (11) so that the velocity satisfies
the incompressible condition of Eq. (2) even though II does
not appear there. The time-stepping procedure is given by the
following steps:

Nonlinear step:

")‘n +1 _ pr 2
— =Y B(v" X" H+f inD 3)
At i=0

Pressure step:

§n+l_§n+1
————=-vII inD 9
y, in (9a)
v-P"*l=0 inD (9b)
$.A=0 onadD (9¢)
Viscous step:
vn+1_7~‘n+1 1
Y Y __ g+l inD (10a)
At R

subject to

prrl=0 on aD, (10b)

vitlix +nl, y, 2) =v"ti(x, ¥, 2) on 4D, (10c)
where the superscript » refers to time step, and the subscripts
s and p refer to solid wall and periodicity, respectively. The
first step, Eq. (8), represents the explicit treatment of the
nonlinear convective term by a third-order Adams-Bashforth
method, where the coefficients are 8y = 23/12, ;= —16/12,
and 8, = 5/12. This scheme introduces low dispersion errors
and contains a relatively large portion of the imaginary axis
within the absolute stability region of the scheme.

In the second step, Eqgs. (9a-9¢), the effect of the pressure is
inchuded and incompressibility is satisfied. By taking the diver-
gence of Eq. (9a) and imposing Eq. (9b), we obtain the follow-
ing Poisson equation for the pressure:

§n+l

At

vVl= v - in D (11a)

This elliptic equation is then solved implicitly subject to

ﬁn+1, =

I-4= oD, 11b
v n Af on s ( )

The imposition of an inviscid-type boundary condition, pro-
posed first by Deville and Orszag,? introduces errors of O(Af/
R) that are important only at very low Reynolds number
flows.

Finally, at the third fractional step, Eqgs. (10a-10c), the
viscous corrections are handled implicitly using a Crank-
Nicolson scheme and the no-slip and periodic boundary condi-
tions are imposed, giving

2 2 .
<VZ—Z—tR>(v"“+v")= —ER(9"+1+V") in D (12a)

subject to

y"*1=0  on D, (12b)

vitlx +nl, y, ) =v*"ti(x, ¥, 2) on dD, (12¢)
The nonlinear convective term, treated explicitly, is the only
source that imposes stability conditions for the scheme
(Courant-Friedrich-Lewy condition number), since the pres-
sure and viscous contributions are treated implicitly by Euler
backward or Crank-Nicolson schemes, which are uncondition-
ally stable, resulting in an efficient and robust inversion of the
global system matrices. Consequently, the time-step size is
constrained by both accuracy in the time-splitting formulation
and stability of the explicit scheme. For high Reynolds number
flows in the turbulent flow regime, the viscous term can be
treated explicitly since stability conditions for the convective
contributions, Eq. (8), are as severe as the ones for the diffu-
sive contributions, Eqs. (10a-10c).

B. Spatial Discretization

Once we obtain the semidiscrete temporal equations, we
proceed with the spatial discretization using a spectral ele-
ment-Fourier decomposition of the computational domain.
For a homogeneous geometry in the z direction, periodic
boundary conditions and symmetry are consistent with the
governing equations (1) and (2). Therefore, the velocity and
pressure can be represented as two-dimensional (x, y) compo-
nents with Fourier expansions in the homogeneous z direction,

u(x, t) u®x, y, t) [ um(x, 3, t)cos(mBz)
veen | _ 1 vOmyn ) ﬁ Vi (X, ¥, t)cos(m Bz)
wi )| [ wOep, )| 21| Wy, t)sin(mBz)

(x, t) 09, y, 1) 1L, (x, y, t)cos(mfBz)

13)
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where 3 is the wave number in the spanwise direction. We use
cosine and sine expansions instead of exponentials because of

the symmetry in the z direction and the reality conditions of"

the velocity and pressure in the physical space. For the analysis
of two-dimensional flows, the v, are identically zero; for
linear three-dimensional stability analysis, a single, infinitesi-
mally small spanwise mode is included; and for three-dimen-
sional flows, M is chosen so as to include all excited spanwise
scales.

To impose the flow-rate condition Q(¢) in Eq. (7), let us
assume for simplicity the flow direction to be the x direction
(Fig. 1). Then, for incompressible flow, at station x,

o= H u(xo, y, z, 1) dy dz = ” [u‘z)(x(), »t

+ E U (X0, ¥, t)COS(mBz)] dy dz

-l

+ E §ttm(xo, 3, 1) dy§ cos(mBz) dz 14)

u(Z)(XO’ Y, t) dy dz

IS

E

where

w
j cos(mBz) dz =0 m#0

Therefore, only the mean streamwise velocity u® con-
tributes to the net flow rate, obtaining

aDr
oW = 2W§ u®(xo, y, t) dy = Qop(t) - 2W 13)
aDg
It suffices to impose at any x, station
aDr 4
Qup(?) = j u@(xy, y, t) dy =3 (16)
aDg

which is done in a preprocessing stage; before the time-step-
ping procedure.

1. Fourier Expansions

The Fourier expansions, Eq. (13), are then inserted into the
semidiscrete equations, Egs. (8), (11), and (12). To demon-
strate .this procedure, we consider the elliptic operator corre-
sponding to the pressure step, Eq. (112), and substituting Eq.
(13), we obtain

ﬁ (v2— m2BH1,, cos(mB )——1—-< y %n
m=1 " z _At m=1 ox
3V .
+—a—y—+m6wm cos(mBz) am

where v2?=9%/dx2+ 3*/3y? and II,, are the Fourier coeffi-
cients for the spanwise direction. First, we follow a Galerkin
approach in z, multiplying Eq. (17) by cos(kBz), integrating
and applying orthogonality property to obtain the following
equation for the Fourier coefficients I1,,!':

1 /04 v
22 m o, m 2
(v m?B3HIL, At<6 + a +mb,,,>
m=1,2,....,.M (18)

We can now proceed to discretize the two-dimensional compo-

nents of the velocity and pressure in the x-y plane using a.

variational spectral element discretization.

2. Spectral Element Method

In the spectral element discretization, the computational
domain is broken up into four-sided macroelements and each
element is then isoparametrically mapped from the physical
(x, ¥) space to the local (7, s) coordinate system. The geome-
try, pressure, and velocity are represented as a tensor product
of high-order Lagrangian interpolants through Gauss-Lobatto
Chebyshev collocation points, defined as

K Ni N2
v, e )= B T X v, MimOE) 19

=1i=0/=0
where h;(r) and A;(s) are local Lagrangian interpolants that
satisfy A;(§;) = 8; at the local (r, s5) coordinates, and §j is the
Kronecker delta symbol. The discrete space is defined in terms
of the spectral element discretization parameters (K, Ny, N,),
where K is the number of spectral elements, and N, and N, are
the degrees of the piecewise high-order polynomials in the r
and s directions, respectively. To insure rapid convergence of
the resulting expansions, the local and physical collocation
points are chosen to be the Gauss-Lobatto Chebyshev points,
defined as x; = —cos wj/N". i, Also, the choice of these colloca-
tion points enables us to use closed-form analytical expres-
sions for the quadratures involved in the computations. The
interpolants in Eq. (19) are expanded as

N
hm(§) = Z:; T Cm) T ($) (20)

where m =i, jand { =r, s, and T, are the Chebyshev polyno-
mials defined as

T, (cos 8) = cos no 21

and
_ 1 m#0, N @2
"2 m=0,N

In the numerical simulations presented in this paper, we
choose the same resolution in both spatial directions, i.e.,
N = N; = N,. However, in practice, this does not need to be
the case.

To illustrate the spectral element discretization, we consider
Eq. (18) corresponding to the pressure step discretized in the
spanwise direction. To simplify the notation, let us set

= (31, /0x + 0V,, /0y + mBWy,)/ At since all of the variables

JIVY

t=13.1

Fig.2 Vector velocity plots of the starting flow at R = 400.
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Fig. 3 Streamwise velocity # as a function of time at R = 400. The
flow approaches a time-asymptotic oscillatory state of period
T =11.1.

are known from the nonlinear step calculations. Then, it can
be written as a modified Helmholtz equation of the form

(v2-m?)0, =g m=1,...,M inD (23)

subject to homogeneous Dirichlet boundary conditions, IT = 0
on 4D . Equation (23) is discretized using variational spectral
elements in the x-y plane. The variational formulation recog-
nizes the equivalence between solving the differential equation
(23) and maximizing the functional

1 262
I,,,(H):X [—5 vil, - vIl, (IL,)? — ] d4 (24)
D

The spectral element discretization corresponds to numerical

quadrature of the variational form (24) restricted to the dis-

crete space defined in terms of the parameters (X, Ny, N).
In local (r-s) coordinates, Eq. (24) is written as

1 1 ol z
@=L S S (5
1J-1

k=1 _ 2 1 J1
171 m2g?
—Tmﬁnz— lJIHg> dr ds ©5)

where II corresponds to I1,,, J is the Jacobian of the elemental
transformations, and v is the conservative form of the Jaco-
bian multiplied gradient operator.!!

To generate the discrete equations for each element k, we
insert the interpolants (19) and the nodal collocation values of
the geometric transformation into the functional (25). Then,
we use a Galerkin-weighted residual technique and perform
the resulting integrals, requiring stationarity at the collocation
points. Usmg the selected Gauss-Lobatto Chebyshev colloca-
tion points g“pq and corresponding weights p,, = p,p0,, Eq. (25)
is expressed as

’i Moo dll oIl
; ; Ppgd, pq{ ]

0x; 8x; |

NI M

+m2622 E Z} qu

k=1p=0

g [H H] g—llgq

K NI M
~ L T T opdhMely (26)
k=1p=0g=0 )

The Jacobian Jlfq of the transformation from physical to local
coordinates is calculated from the partial derivatives of the
geometric isoparametric transformation ry, 7,, s, and s,.

Once the local basis function is selected, the spectral ele-
ment approximation for II* is

Ny Na

=3 ¥ Tk ()h(s)

n=0m=0

m,ne(ov feey Nl)’ (0’ LR ) NZ) (27)

where II¥,, are the expansion coefficients and also the local
nodal values of II. The geometry is also represented via similar
tensorial products with same order ‘polynomial degree, i.e.,

N1 N2
x, y)k = go E:O (xrlr(m’ yrlrcm)hm(r)hn(s)
V€0, ..., Ny, ©,..., Ny (28)

where x%, and y%, are the global physical coordinates at the
node (mn) in the k element.

To construct the discrete matrix of the global system, we
insert Eq. (27) into Eq. (26) and perform direct stiffness
summation,'? adding at the boundary notes the contributions
from the neighboring elements, obtaining

Ny Na

E Y Y (k. + m*BJEBL BEIE,

k=1m= OnA
N N2
AE EO E JEBE. B g n (29)
k=1m n=0

where L’ denotes direct stiffness summation, and
‘%(nn = quJ:q [(rx)lzyq :Dpi:me 6nq + (sx)127q ‘(’in‘(’an‘amp

+ (rxsx)pq :Dpi :an 5mp + (rxsx )pq iqu :qu 5nq]

1

O AE $=rs (30)

Dy = a;(i’:), Bij=j

The spectral solutions are C° across the boundaries of the
elements with interfacial continuity constraints imposed only
by the variational formulation without requiring any explicit
patching at the elemental interfaces. Therefore, there is a weak
coupling between dependent variables for neighboring ele-
ments. This results in banded, relatively sparse matrices,
which are critical regarding computational efficiency of the
method in terms of memory requirements and processing
time.

Phase Plan
0.025 T

0.59 0.65 u 0.71

Fig. 4 Phase-plane portrait of v vs u velocities for the two-dimen-
sional, self-sustained oscillatory flow.

Fig. 5 Instantaneous velocity vector field at R = 400,
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Assembly of the global matrix is done using parallel static
condensation in which the nodes and their corresponding de-
grees of freedom are grouped into those lying on the boundary
of the elements and those interior to an element. Then, the
solution for the boundary nodes is decoupled from the solu-
tion for the interior nodes. This is an important feature be-
cause of the possibility of efficient implementation in parailel
computer architecture.

The inversion of the global system matrix is carried out
directly (LDL T decomposition) in a preprocessing stage at the
beginning of the simulation. Thereafter, only matrix multipli-
cations are performed at each time step. Other implementa-
tions can use iterative techniques at each time step that usually
require more computer time for a complete simulation but
allow variable time steps and time-dependent fluid properties
as well as moving boundaries.

The numerical calculations are performed employing 24
spectral elements using a 9 X 9 collocation grid in the x and y
direction of each element and 16 Fourier expansions in the z
direction. A typical three-dimensional run of 10,000 time steps
takes about 16,180 CPU s on the Cray Y-MP/832.

IV. Results

In this section we present direct numerical simulations of
two- and three-dimensional flows in periodic grooved chan-
nels as well as the linear evolution of instabilities arising from
the interaction of three-dimensional disturbances with second-
ary two-dimensional flows. The grooved-channel geometry,
shown in Fig. 1, corresponds to a nondimensional periodicity
length L/h =5, groove width &/h = 3, and groove depth a/
h = 1.68. The transition simulation starts with a basic two-
dimensional flowfield with superimposed, infinitesimally
small disturbances consisting of three-dimensional Tollmien-
Schlichting waves in the channel. The primary two-dimen-
sional velocity field is obtained by direct numerical simulation
of the two-dimensional Navier-Stokes equations starting with
uniform velocity and evolving in time until a steady or time-
periodic state is found.

Figure 2 shows the velocity vector plot of the startup flow at
successive nondimensional time intervals from ¢ = 2.8 to 33.9
at R = 400, where the flow is from left to right. Initially, a
vortex forms in the upstream wall of the groove because of the
separation at the abrupt channel expansion. This vortex en-

Fig. 6 Flow patterns in a sequence of three time frames within one
period T at R = 400. Left: streamlines of the self-sustained oscillatory
flow; right: iso-energy of the three-dimensional perturbations for
B=2.
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Fig. 7 Root-mean-square velocity profile at the groove center (x/
h=25y/h).
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Fig. 8 a) Growth rate ¢ of the three-dimensional perturbation at
R =350 (m), R =400 (*), and R =450 (a) as a function of §3; b)
dispersion relation for the grooved channel ( 4 ) and plane-channel (-)
flows at R = 400 and o = 1.2566.

trains fluid from the channel to grow, move toward the down-
stream wall, and finally occupy the entire groove. The two-di-
mensional flow stabilizes with one primary vortex in the
groove. Concurrently, the initial flat velocity profile in the
channel part is evolving to a parabolic profile that is sensitive
to Tollmien-Schlichting instabilities. Above a critical Rey-
nolds number R, ,p, these flows bifurcate from a steady to a
two-dimensional, self-sustained oscillatory state.®!® For the
grooved-channel geometry investigated in this paper, R, ,p is
320. These supercritical flows approach asymptotically a time-
periodic state, as is shown in Fig. 3 by the history plot of the
streamwise velocity as a function of time at a characteristic
point of the domain at R = 400. This supercritical, two-di-
mensional secondary flow exhibits an oscillatory behavior ap-
proaching a limit cycle, shown in Fig. 4, in a phase-plane plot
of v vs u velocity. The phase shift between the two compo-
nents of the oscillatory velocity induces a Reynolds stress
(ou’v’) responsible for the increase in momentum diffusion,
which converts energy from the basic mean flow to the oscilla-
tory flow and sustains it. The period of the oscillation, nondi-
mensionalized by the convective time, is 7 = 11.1, which coin-
cides with the period of the Tollmien-Schlichting traveling
waves corresponding to the least stable two-dimensional, Orr-
Sommerfeld mode for plane Poiseuille flow. Similar self-sus-
tained oscillatory flows at Tollmien-Schlichting frequencies
were found in other modified channel geometries such as in
channels with cylindrical promoters!® and communicating chan-
nels."* The traveling wave structure of the resulting two-
dimensional supercritical secondary flow is clearly depicted in
Fig. 5 by a plot of the instantaneous velocity vectors. The flow
pattern and vortex dynamics of these self-sustained supercriti-
cal flows show a very close resemblance with the one corre-
sponding to subcritical, grooved-channel excitation.!> In the
latter, the flow is modulated at the frequency of the least-sta-
ble channel mode, whereas in the former, the flow achieves the
oscillatory behavior spontaneously, induced and sustained by
the periodic, geometric inhomogeneities of the grooves.
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Fig. 9 Growth rate ¢ as a function of the wave number 8 for plane-
channel flow.13

So far, from the two-dimensional simulations we have
found a nonlinear saturation of the primary instability with
the onset of a secondary periodic self-sustained supercritical
flow for Reynolds numbers above R.,p. We investigate now
the stability characteristics of these secondary flows by inte-
grating simultaneously the full nonlinear two-dimensional
Navier-Stokes equations and the three-dimensional linear per-
turbation equations until an asymptotic behavior is obtained.
It is found that this two-dimensional grooved-channel flow is
stable to any three-dimensional infinitesimal perturbation up
to R.2p = 340 and unstable to a classical three-dimensional,
secondary instability for R >R, ;p > R.p. Therefore, the pri-
mary instability at R.,p leads to a nonlinear, two-dimensional
secondary flow. Between the primary and secondary instabil-
ity, the two-dimensional oscillatory flow is stable to all three-
dimensional perturbations. In this range of Reynolds numbers,
two-dimensional simulations are valid, and above R_ 3, the
effects of three-dimensionality need to be taken into account.

To get an overview of the transition development, we first
consider the evolution of infinitesimally small perturbations
of spanwise wave numbers f. Figure 6 shows the spatial distri-
bution of the energy of the three-dimensional perturbed mode
at three time instants in one cycle T of the secondary oscilla-
tory flow at R = 400 and 8 = 2. It is verified that the intensity
of the three-dimensional perturbation travels with the Toll-
mien-Schlichting wave. This implies that the source of the
three-dimensional instability is the channel traveling waves,
which suggests a classical, but detuned, channel secondary
instability. It is interesting to note that the energy of the
three-dimensional modes is concentrated in the bottom part of
the grooved channel instead of being distributed in a staggered
fashion as in plane-channel flow. To understand this feature,
we plot in Fig. 7 the root-mean-square velocity profile of the
secondary flow at the center of the groove. Aside from the
groove shear layer, there are two critical layers in the channel,
and the bottom critical layer is stronger and thinner. This
suggests that the bottom critical layer, which is stronger be-
cause of proximity to the groove inhomogeneity, is mainly
responsible for driving the three-dimensional instability.

The dependence of the growth rate ¢ on the spanwise wave
number 3 of the infinitesimal three-dimensional perturbations
is shown in Fig. 8a for different Reynolds numbers. It is seen
that the secondary flow is unstable in a certain range of wave
numbers 8. The maximum value of ¢ indicates that the most
unstable three-dimensional mode corresponds to a spanwise
wave number B close to the streamwise wave number «. This
implies that the most dangerous modes are at about 45 deg
with respect to the mean flow. The grooved-channel flow
exhibits a supercritical primary bifurcation where the ampli-
tude of the stable, self-sustained secondary flow increases
gradually from zero. Therefore, the three-dimensional growth-
rate curve (Fig. 8a) rises above o= 0 in a continuous and
narrow-band fashion. As a result, spanwise modes are excited
in a small range of 8. The relatively low R, ;p insures that even

in the case of positive growth the high wave number viscous
cutoff restricts small-scale excitations. )

Figure 8b shows the dispersion relation, that is, the three-di-
mensional perturbation frequencies as a function of 8 at
R =400 for the grooved and plane channels. It is verified that
the frequency of the three-dimensional perturbation velocity
does not lock with the self-sustained oscillatory flow. Instead,
it is in closer agreement with the three-dimensional Tollmien-
Schlichting mode of the same spatial structure (o, ), indicat-
ing that the dominant mechanism of frequency selection is
determined by the channel part of the flow, which is the most
stable component of the system. The discontinuity in the
dispersion relation curve at 8 = 2.25 corresponds to a switch
of the least-stable mode from a slow wall mode to a fast center
mode. This exchange in modes has a drastic effect on the
stability of the flow, with the center modes being significantly
stabilized. Similar discrete jumps in frequencies have been

_observed experimentally!¢ in oscillatory, separated flows in

which the variation of a geometric parameter results in dis-
crete frequency transitions.

To determine the effect of the groove inhomogeneity in the
flow transition process, we compare the transition in the
grooved channel with a plane channel that corresponds to a
grooved-channel geometry with depth of the groove a/h = 0.
The plane-channel flow presents a subcritical bifurcation!”
where the three-dimensional instability is born at the two-di-
mensional flow amplitude, which is significantly larger than
that required for incipient growth. This leads to larger growth
rates and, more importantly, to broadband spanwise excita-
tion!? as is shown in Fig. 9 by the plot of the growth rate o vs
spanwise wave number 3. The broadband nature of the plane-
channel instability is further amplified by the high Reynolds
number associated with the primary bifurcation, since viscous
effects play a less important role in stabilizing the flow.

The essential differences in the early transition and evolu-
tion of the instabilities in grooved and plane channels suggest
that a different type of transition will occur. The low critical
Reynolds number, the primary supercritical bifurcation,'? and
the narrow-band spanwise excitation in grooved-channel flows
suggest that for Reynolds numbers above R.;p a nonlinear
three-dimensional, low-order equilibrium should exist. To
demonstrate this, we integrate the full nonlinear, three-dimen-
sional Navier-Stokes equations using as initial condition for
the Fourier components of the velocities the three-dimensional
linear perturbation modes. The direct numerical simulations
indicate that this secondary instability saturates in a time-peri-
odic, low-dimensional, tertiary equilibrium state, shown in
Fig. 10a by the phase-plane portrait of the v velocity vs u
velocity at R = 350. For larger Reynolds numbers, the flow
can no longer be described by a small number of well-defined
frequencies. This flow contains characteristics of both peri-
odic and turbulent flow, as evidenced by the phase-plane
portrait at R = 425 shown in Fig. 10b. Therefore, the transi-
tion to turbulence in the grooved-channel flow, shown in Fig.
1, develops through a sequence of bifurcations in contrast to
plane-channel flow where the transition is of an abrupt type.

R =350

a) b)

Fig. 10 Phase-plane portraits of v vs u velocities at a) R = 350 and b)
R =425,
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As the Reynolds number is increased, the flow evolves and
bifurcates from steady to two-dimensional, self-sustained os-
cillatory, then to three-dimensional quasiperiodic before man-
ifesting any of the characteristics inherent to turbulent flow.
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